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$p(\geq 5)$ $p$ $p_{f},$ $p$ $p_{n}$
$d_{p}=g_{C}d(p_{f}+p, p+p_{n})$ 6000 (783 )











$d_{p}=gcd(p_{f}+p, p+p_{n})$ $p_{f}\equiv p$ $\equiv-p(m\circ dd_{p})$
$d_{p}$ $g_{d}(x)$
Dirichlet $d=6$ $p+p_{n}$
6 $p_{f}+p$ 6 1/2 $p+p_{n}$ $p_{f}+p$






$n$ $\mu(n)$ $n$ $\mu(n)$
Dirac
$\mu(n)$ $\pi(x)=\int_{1}^{x}\mu(n)dn$
$\mu(n)\sim\log(n)^{-1}$ $n$ $n$ np $(n)$
( next prime) gap$(n)(= np(n)-n)$ $d$
$n$ gap $(n)=d$ $\mu(n|$ gap$(n)=d)$ $n$
ga$P$ $(n)=d$ $\mu_{p}(n|$ gap$(n)=d)$ $n$ $n$ gap$(n)=d$
$\mu(n, d)$ $n$ gap$(n)$
$\mu(n|$ gap$(n)=d)=\mu_{p}(n|$ gap$(n)=d),$ $\mu(n, d)=\mu(n)\mu_{p}(n|$ gap$(n)=d)$
$\mu(n|$ gap$(n)=d)= \mu(n+d)\prod_{t=1}^{d-1}(1-\mu(n+t))(n+1,$ $\cdots,$
$n+d-1$ $n+d$ ) $n$ $\mu(n)\sim\log(n)^{-1}$
$\mu(n|gap(n)=d)\sim\log(n)^{-1}(1-\log(n)^{-1})^{d-1}$ , $\mu(n, d)\sim\log(n)^{-2}$
Hardy-Littlewood $\pi_{d}(x)\sim c_{d}x\log(x)^{-2}$ ( $\pi_{d}(x)$ $x$
$n$ $n+d$ $c= \prod_{p\geq 3}p(p-2)/(p-1)^{2}=0.66016\cdots,$
$c_{d}=2c \prod_{3\leq p|d}(p-1)/(p-2)$ ) ( ), $n$
$n+d$ $c_{d}\log(n)^{-2}$ Hardy-Littlewood $n$
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$n+d$ $n$ $n+d$ $\mu(n, d)$
$n$ $n+d$
$O(\log(n)^{-3})$ $\mu(n, d)\sim c_{d}\log(n)^{-2}$
$\mu(n, d)\sim\log(n)^{-2}$ $(c_{d}$ $)$
2





$m$ $\alpha$ $m’$ $\beta$ $n$ np $(n)\in\beta$
$\mu(n| np(n)\in\beta)$ $\alpha$ $n$ $np(n)\in\beta$
$\mu_{p}(n;\alphaarrow\beta)$ $n$ $n$ $\beta$
$n<n_{1}<n_{2}<n_{3}<\cdots(n_{i}\in\beta, n_{i+1}=n_{i}+m’, n_{1}-m’\leq n),$ $d_{i}=n_{i}-n$ $\mu(n|np(n)\in\beta)$
$\mu(n|$ gap$(n)=d_{i})$ $\sum_{i\geq 1}\mu(n|$ gap$(n)=d_{i})$
$\mu_{p}(n;\alphaarrow\beta)$ $\sum_{i\geq 1}\mu_{p}(n|$ gap$(n)=d_{i})$
$n$ $\mu(n|gap(n)=d_{i})$ $\mu_{p}(n|gap(n)=d_{i})$
$n\in\alpha$ $\beta$ $n_{1}<n_{2}<\cdots$





3.1 $m$ $m’$ 2 4 $\mu_{p}(n;\alphaarrow\beta)\sim\frac{1}{\varphi(m’)}$
$m$ $\alpha$ , $m’$ $\beta$ $x$
$\pi_{\alpha,\beta}(x)=\#\{p<x|p$ $p\in\alpha,$ $np(p)\in\beta\},$ $\pi_{\alpha}(x)=\#\{p<x|p$ $P\in\alpha\}$
$\mu_{p}(n;\alphaarrow\beta)$ $\pi_{\alpha,\beta}(x)/\pi_{\alpha}(x)$
3.2 $m$ $m’$ 2 4 $\pi_{\alpha,\beta}(x)\sim\frac{1}{\varphi(mm’)}\pi(x)$
Hardy-Littlewood $\pi_{\alpha,\beta}(x)/\pi(x)arrow 1/\varphi(m)\varphi(m’)(xarrow\infty)$
$\pi(x)$ $\pi_{\alpha}(x)$
$\alpha’=\{n\in\alpha|(n, m_{0})=1\},$ $\beta’=\{n\in\beta|(n, mo)=1\}$ $m_{0}(=1cm(m, m’))$
$\alpha’=\alpha_{1}\cup\cdots\cup\alpha_{s},$ $\beta’=\beta_{1}\cup\cdots\cup\beta_{t}$ $\mu_{p}(n;\alphaarrow\beta)=\sum_{i,j}\mu_{p}(n;\alpha_{i}arrow\beta_{j})$ ,
$\pi_{\alpha,\beta}(x)=\sum_{i,j}\pi_{\alpha_{i},\beta_{j}}(x)+O(1)$ ( $m_{0}$ )





$m’$ 2 $m$ 4 $T:n\mapsto n+m_{1}(m_{1}=lcm(m, 2))$
$T$ $(\mathbb{Z}/m\mathbb{Z})^{*},$ $(\mathbb{Z}/m’\mathbb{Z})^{*},$ $(\mathbb{Z}/m_{0}\mathbb{Z})^{*}$ $T$
$\mu_{p}(n;\alpha_{i}arrow\beta_{j})$ $n\in\alpha_{i}$ $\beta_{j}$ $\mu_{p}(T(n);T(\alpha_{i})arrow T(\beta_{j}))\sim\mu_{p}(n;\alpha_{i}arrow\beta_{j})$
$T$ $(\mathbb{Z}/m\mathbb{Z})^{*}$ $T$ $\{\alpha_{1}, \cdots, \alpha_{s}\}$
$\mu_{p}(n;\alphaarrow T(\beta))\sim\mu_{p}(T(n);T(\alpha)arrow T(\beta))=\sum_{i,j}\mu_{p}(T(n);T(\alpha_{i})arrow T(\beta_{j}))\sim\sum_{i,j}\mu_{p}(n;\alpha_{i}arrow\beta_{j})$
$=\mu_{p}(n;\alphaarrow\beta)$ $T$ $(\mathbb{Z}/m’\mathbb{Z})^{*}$ ( )
$\varphi(m’)(=m’/2)$ $\mu_{p}(n;\alphaarrow\beta)$ $\beta\in(\mathbb{Z}/m’\mathbb{Z})^{*}$ $\pi_{\alpha,\beta}(x)$
$\beta\in(\mathbb{Z}/m’\mathbb{Z})^{*}$ $\sum_{\beta\in(\mathbb{Z}/m’\mathbb{Z})^{r}}\pi_{\alpha,\beta}(x)\sim\pi_{\alpha}(x)$ $\pi_{\alpha,\beta}(x)\sim\pi_{\alpha}(x)/\varphi(m’)$
Dirichlet $\pi_{\alpha,\beta}(x)\sim\pi(x)/\varphi(mm’)$
$m$ 2 $m’$ 4 $\pi_{\alpha,\beta}(x)(\alpha\in(\mathbb{Z}/m\mathbb{Z})^{*}, \beta\in(\mathbb{Z}/m’\mathbb{Z})^{*})$
$\alpha$ $\sum_{\alpha}\pi_{\alpha,\beta}(x)=\pi_{\beta}(x)+O(1)(m_{0}$ $x$ $x+m’$
) $\pi_{\alpha,\beta}(x)\sim\pi_{\beta}(x)/\varphi(m)\sim\pi(x)/\varphi(mm’)$
\S 4. Hardy-Littlewood
$d$ $\pi_{d}(x)=\#\{n<x|n,$ $n+d$ $\}$ Hardy-Littlewood $\pi_{d}(x)$
4.1 (Hardy-Littlewood) $\pi_{d}(x)\sim c_{d}\frac{x}{\log(x)^{2}}$ $c= \prod_{p\geq 3}\frac{p(p-2)}{(p-1)^{2}},$ $c_{d}=2c \prod_{3\leq p|d}\frac{(p-1)}{(p-2)}$
G.H.Hardy-E.M.Write “ An Introduction to the Theory of Numbers”
$N_{x}= \prod_{p\leq\sqrt{x}}p$ $X$ $X$ $N_{x}$
$S(X)$ $S(N_{x})= \varphi(N_{x})=N_{x}\prod_{p\leq\sqrt{x}}(1-1/p)$ Mertens
$\prod_{p\leq\sqrt{x}}(1-1/p)\sim e^{-\gamma}/\log\sqrt{x}=2e^{-\gamma}/\log(x)$ $S(N_{x})/N_{x}\sim 2e^{-\gamma}/\log(x)$
$\sqrt{x}$ $x$ $N_{x}$ $S(x)=\pi(x)-\pi(\sqrt{x})\sim x/\log(x)$
$S(x)/x\sim 1/\log(x)$ $N_{x}$ $X$ $X$ $N_{x}$
$S(X)/X\sim 2e^{-\gamma}/\log(x)$ $x$ $N_{x}$
$S(x)/x\sim 1/\log(x)$ $($ ? $)$ $e^{\gamma}/2(=0.89\cdots)$
$X$ $N_{x}$ $n$ $n+d$ $N_{x}$




$(e^{\gamma}/2)^{2}$ $S_{d}(x)/x\sim S_{d}(N_{x})/N_{x}\cross(e^{\gamma}/2)^{2}$ $e^{\gamma}/2 \sim 2\prod’(1-1/p)^{-1}/\log(x)^{2}$
$S_{d}(x)/x \sim 2\prod’(1-2/p)/(1-1/p)^{2}\prod_{3\leq p|d}(p-1)/(p-2)/\log(x)^{2}\sim c_{d}/\log(x)^{2}$
$S_{d}(x)=\pi_{d}(x)-\pi_{d}(\sqrt{x})$ $\pi_{d}(x)=S_{d}(x)+S_{d}(\sqrt{x})+S_{d}(\sqrt[4]{x})+S_{d}(\sqrt[8]{x})+\cdots$




2 $(e^{\gamma}/2)^{2}$ 3 $(e^{\gamma}/2)^{3}$ 4
$(e^{\gamma}/2)^{4}$ Mertens $e^{\gamma}/2$




$\tilde{\pi}_{d}(x)=\#\{n<x|n$ ga$P$ $(n)=d\}$ $\overline{\pi}_{d}(x)\sim\pi_{d}(x)\sim c_{d}x/\log(x)^{2}$
$n$ $n$ gap$(n)=d$ $\mu(n, d)$ $\tilde{\pi}_{d}(x)$
$\mu(n, d)$ $(0, x]$ Hardy-Littlewood
$x$ $\tilde{\pi}_{d}(x)$ $\mu(n, d)\sim c_{d}/\log(n)^{2}$
\S 5.
\S 3 $m$ $m’$
$m=m’$ $\alpha,$ $\beta\in(\mathbb{Z}/m\mathbb{Z})^{*}$
$p\in\alpha$ np$(p)\in\beta$ $\varpi_{\alpha,\beta}(x;x’)=(\pi_{\alpha,\beta}(x’)-\pi_{\alpha,\beta}(x))/(\pi_{\alpha}(x’)-\pi_{\alpha}(x))$
$(0\leq x<x’)$ $2^{28}$ $\varpi_{\alpha,\beta}(0;2^{e})(e=20, \cdots, 28)$
np$(2^{e})(e=20, \cdots, 44)$ $10^{7}$ $10^{6}$ 10
$(x<p\leq x’)$ $\varpi_{\alpha,\beta}(x;x’)$ $2^{20}$ 10 7 $2^{28}$




$x$ $x’$ $(\varpi_{\alpha,\beta}(x;x’))$ $(\log_{10}(x’)+\log_{10}(x))/2$
$1/\varphi(m)$ $\log_{10}(x)=6(x=10^{6})$
$m=4$ $\varpi_{\alpha,\beta}$ $\mu_{p}(n;\alphaarrow\beta)$ $\alpha,$
$\beta\in(\mathbb{Z}/m\mathbb{Z})^{*}$ (mod ) 1 $mod m$ 1 $\varpi_{1,1},$ $\mu_{p}(n;1arrow 1)$




lmodulo 4 3modulo 4
$l$. ‘
$\alpha=1$ $\alpha=3$ $\varpi_{1,1}\fallingdotseq\varpi_{3,3},$ $\varpi_{1,3}\fallingdotseq\varpi_{3,1}$ \S 3
$\mu_{p}(n;1arrow 1)\sim\mu_{p}(n;3arrow 3),$ $\mu_{p}(n;1arrow 3)\sim\mu_{p}(n;3arrow 1)$
4 1 $\pi_{1}(x)/\pi(x)$
3 $\pi_{3}(x)/\pi(x)$ (1/2)
( 4 1,3 )
$m=8$ $m=4$ $(\varpi_{1,1}\fallingdotseq\varpi_{3,3}, \varpi_{1,3}\fallingdotseq\varpi_{3,1})$
$m=8$ $\varpi_{\alpha,\beta}=.\varpi_{\alpha+c,\beta+c}$ ( $c$ ) $\alpha=1$
20
$\beta$ 7, 3, 5, 1 $\beta=7$ 3
$\beta=1$ 1/4















$1, \infty ulo\cdot 0$
$\alpha=lmod l0$ $\beta=7,3,9,1$ $\beta=7,3$ $\alpha=3$ mod
10 $\beta=9,7,1,3$ $\alpha=7mod l0$ $\beta=9,3,1,7$ $\alpha=9$




$\mu_{p}’(n|$ gap$(n)=d_{i})= \mu_{p}’(n, d_{i})\prod_{t=1}^{d_{l}-1}(1-\mu_{p}’(n, t))$
$\mu_{p}’(n, t)=r_{t}c_{t}\mu(n+t)$ $( gcd(n+t, m)\neq 1$ $\mu_{p}(n, t)=0$ $)$
$c_{t}$ Hardy-Littlewood $r_{t}= \prod_{3\leq p|gcd(m,t)}(p-1)/(p-2)$ Hardy-
Littlewood $n$ $n+t$ $c_{t}\mu(n+t)$
$n$ $(n\in\alpha)$ $\alpha$ $t$ $n+t$
$m$ $t$ $t$
$(n, n+t)$ $n$ $k_{d,m}$ $\varphi(m)/k_{t,m}$
$r_{t}$ $m$ $(\varphi(m)$ $)$




$\alpha$ $n$ ga$P$ $(n)=d$
$\mu_{p}’(n|$ gap$(n)=d_{i})$ $\alpha$
$\beta$ $\mu_{p}’(n;\alphaarrow\beta)$





















$\mu(x)\sim 1/\log(x)$ ( ) ( )
5.2 $\mu_{p}’(n;\alphaarrow\beta)arrow\frac{1}{\varphi(m)}$ $(narrow\infty)$
$\mu_{p}’(n;\alphaarrow\beta)$ $\mu_{p}(n;\alphaarrow\beta)$ $\alpha$ $n$
$np(n)\in\beta$ $n$ $n\in\alpha$ np $(n)\in\beta$
5.2 $n\in\alpha$ np$(n)\in\beta$ $\alpha$
5.2 $\alpha,$ $\beta$ $m$ $\alpha\in(\mathbb{Z}/m\mathbb{Z})^{*},$ $\beta\in(\mathbb{Z}/m’\mathbb{Z})^{*}$
$\mu_{p}’(n;\alphaarrow\beta)arrow 1/\varphi(m’)$ $\mu_{p}’(n, t)$ $r_{t}$ $\alpha$ $m$
$n$ np $(n)$
$n$ $n$ np $(n)$
Hardy-Littlewood 5.1,
5.2










$)$ $\tilde{g}_{d}(x)(=\#\{p\leq x|d|d_{p}\}=\sum_{d|d’}g_{d’}(x),$ $d’>2x$ $g_{d’}(x)=0$ $)$
$\lim_{xarrow\infty}\tilde{g}_{d}(x)/\pi(x)=1/\varphi(d)^{2}$ $g_{d}(x)= \sum_{k\geq 1}\mu(k)\tilde{g}_{kd}(x)(kd>2x$ $\tilde{g}_{kd}(x)=0$
)
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